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Introduction and Preliminaries

Let l∞ and c be the Banach spaces of bounded and convergent sequences x =
(xk) respectively with norm ||x||∞ = supk ≥ 0 |xk|, and l1 be the space of absolutely
convergent series with ||x||1 = ∑k |xk|.

Let σ  be a mapping of the set of positive integers N into itself. A continuous
linear functional φ on l∞ is said to be an invariant mean or a σ -mean if and only
if, (i) φ (x) ≥ 0 when the sequence x = (xk) has xk ≥ 0 for all k, (ii) φ (e) = 1,
where e = (1, 1, 1, ⋅ ⋅ ⋅), and (iii) φ (Tx) = φ (x) for all x ∈ l∞, where  Tx = (Txk) =
(xσ (k)). In case σ is the translation mapping k → k + 1, a σ -mean is often called
a Banach limit[1] and Vσ , the set of bounded sequences all of whose invariant
means are equal, is the set  f of almost convergent sequences[2].

Note that[3],

Vσ : = { x ∈ l∞ : lim  tmn(x) = L   uniformly in n, L = σ - lim x },
m
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where

tmn (x) = (xn + Txn + ⋅ ⋅ ⋅ + T m xn) / (m + 1),

and

t �1, n = 0.

A σ -mean extends the limit functional on c in the sense that φ (x) =  lim x for
all x ∈ c if and only if σ has no finite orbits, that is to say, if and only if, for all
n ≥ 0, m ≥ 1, σ m(n) ≠ n (see Ref. [4]).

We say that a bounded sequence x is σ -convergent if and only if x ∈ Vσ
such that σ m(n) ≠ n for all n ≥ 0, m ≥ 1 (see Ref. [5]).

Let X and Y be two sequence spaces and A = (ank)
∞
n,k=1 be an infinite matrix

of real complex numbers. We write Ax = (An(x)) where An(x) = ∑k ankxk and the
series converges for each n. If x = (xk) ∈X implies that Ax ∈Y, then we say that
A defines a matrix transformation from X into Y. By (X, Y) we denote the class
of matrices A such that Ax ∈Y for x ∈ X.

In this paper we define a new sequence space V∞ related to the concept of σ -
mean and prove that V∞ in a Banach space under certain norm. We also char-
acterize the matrices of the class (l∞, V∞) and (l1, V∞).

We define the space V∞ as follows

V∞ : = { x ∈ l∞ : sup |tmn(x)| < ∞ }.
 m, n

Note that if σ is a translation then V∞ is reduced to the space

f∞ : = { x ∈ l∞ : sup |gmn(x)| < ∞ }.
 m, n

where

We call the space V∞ as the space of σ -bounded sequences. It is clear that

Results

Theorem 1

 V∞ is a Banach space normed by

  
g x

m
xmn k n

k

( ) =
+ + ⋅
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∞

∑1
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mn= sup ( )
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c V V l⊂ ⊂ ⊂∞ ∞σ .
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Proof

It is easy to see that V∞ is a normed linear space under the norm in (1).

Now we have to show the completeness of V∞. Let (x(i)) ∞ be a Cauchy
i=1

sequence in V∞. Then (xk
(i)) ∞  is Cauchy sequence in R for each k and hence

i=1

convergent in R that is, xx
(i) → xk , say, as i → ∞. Let x = (xk)∞   . Then by the

 k=1

definition of norm on V∞ , we can easily show that

||x(i) � x|| → 0 as i → ∞ .

Now, we have to show that x ∈ V∞. Since (x(i) is a Cauchy sequence, given ε
> 0, there is a positive integer  N depending upon ε   such that, for each i, r > N,

||x(i) � x(r)|| ε .

Hence

This implies that

   |tmn(x(i) � x(r)| < ε , (2)

for each m, n; or

      |L(i) � L(r)| < ε (3)

for each i, r > N ; where L(i) = σ � lim x(i). Let  L = limr→∞ L(r). Then the σ-
mean of x, φ (x) = limi φ (x(i)) = limi L

(i) = L. Letting r   → ∞ in (2) and (3), we
get

|tmn(x(i) � x)| ≤  ε ,  for each  m, n; (4)

and

|L(i) � L| ≤  ε ,      (5)

for i > N. Now, fix i in the above inequalities. Since x(i) ∈ V∞ for fixed i, we
obtain

Hence, for a given ε, there exists a positive integer m0 (depending upon i and ε
but not on n) such that

|tmn(x(i) � L(i)| < ε , (6)

for m ≥ m0 for all n. Now, by (4), (5) and (6), we get

sup | ( – ) | .
,

( ) ( )

m n
mn

i rt x x < ε

lim ( ) ,   uniformly in .( ) ( )
m mn

i it x L n=
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for m ≥ m0 and for all n. Hence x ∈ Vσ.. Since Vσ  lll V∞, x ∈ V∞. This com-
pletes the proof of the theorem.

Let Ax be defined. Then, for all m, n  ≥ 0, we write

where,

and a(n, k) denotes the element ank of the matrix A.

Theorem 2

A ∈ (l∞, V∞) if and only if

Proof

Sufficiency. Let (7) hold and x ∈ l∞. Then we have

Now, taking the supremum over m, n on both sides, we get Ax ∈V∞ for x ∈l∞,
i.e., A ∈ (l∞, V∞).

Necessity. Let A ∈ (l∞, V∞). Write qn(x) = supm |tmn(Ax)|. It is easy to see that
for n ≥ 0, qn is a continuous seminorm on l∞ and (qn) is pointwise bounded on
l∞. Suppose (7) is not true. Then there exists x ∈ l∞ with supn qn(x) = ∞. By the
principle of condensation of singularities[5], the set

is of second category in l∞ and hence nonempty, that is, there is x ∈ l∞ with supn
qn(x) = ∞. But this contradicts the fact that (qn) is pointwise bounded on l∞.
Now, by the Banach-Steinhauss theorem, there is a constant M such that

qn(x) ≤ M ||x||1. (8)

  | ( ) – | | ( ) ( ) | | ( ) | | | ,( ) ( ) ( ) ( )t x L t x t x t x L L Lmn mn mn
i

mn
i i i≤ − + − + − < 3ε
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Now define a sequence x = (xk) by

Then x ∈ l∞. Applying this sequence to (8), we get (7).

This completes the proof of the theorem.

If σ is a translation, then by the above theorem, we obtain

Corollary 3

A ∈ (l∞,  f∞) if and only if

Theorem 4

A ∈ (l1, V∞) if and only if

Proof

Sufficiency. Suppose that x = (xk) ∈ l1. We have

Taking the supremum over n, m on both sides and using (9), we  get Ax ∈ V∞
for x ∈l1.

Necessity. Let us define a continuous linear functional Qmn on l1 by

Now,

and hence

For any fixed k ∈ N, define x = (xi) by

|| || sup | ( , , ) | .,Q t n k mm n
k

≤

  
x

t n k m n m k k

k kk =
≤ ≤

>
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Then ||x||1 = 1, and

  

| ( ) | | ( , , ) |

| ( , , ) |  || || ,

Q x t n k m x

t n k m x
mn k=

= 1

hence

|| ( ) || sup | ( , , ) | .Q x t n k mmn
k

≥ (11)

By (10) and (11), we get

|| ( ) || sup | ( , , ).Q x t n k mmn
k

=

Since A ∈(l1, V∞), we have, for x ∈l1,

sup | ( ) | sup | ( , , ) | .
,

,
,m n

m n
m n

k
k

Q x t n k m x= < ∞∑

Hence, by the uniform boundedness principle, we  have

sup || ( ) || sup | ( , , ) | .
,

,
, ,m n

m n
m n k

Q x t n k m= < ∞

This complete the proof of the theorem.

If we take σ(n) = n +1 in the above theorem, we get

Corollary 5

A ∈ (l1, f∞) if and only if
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ÂuN?H� �ö?� s� Λ∞  ∕«d?H�« n�dF� - Y�?��« «c� w� ÆhK�?��*«
�U�?�U�  U��«d?�� s� u?�� ∕«d�H?�« «c��?� Ê√ X�???��Ë (Invariant Means)

Æ(l1 , Λ∞) Ë (l∞ , Λ∞)  U�«dH�« nOMB�� ÂuI� UÎC�√ Æ(Banach Space)




