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ABSTRACT. This paper presents an adaptive finite-element iterative method for
the analysis of the ionized field around high-voltage bipolar direct-current
(HVDC) transmission line conductors without resort to Deutsch’s assumption.
Unlike all attempts reported in the literature for the solution of ionized field,
the constancy of the  conductor’s surface field at the corona onset value is di-
rectly implemented in the finite-element formulation. The present paper con-
siders both the unequality of the +ve and – ve ion mobility and onset voltage
values.

In order to investigate the effectiveness of the proposed method, a laborato-
ry model was built. It has been found that the calculated V-I characteristics and
the ground-plane current density agreed well with those measured experimen-
tally. It has been found that taking into account the unequality of +ve and –ve
mobility and onset values improved the calculated results towards the experi-
mental values.

1. Introduction

There is an ongoing interest in the analysis of a bipolar ionized field in different
geometric configurations. The prospects for the widespread use of HVDC transmission
underlie the great interest in the evaluation of corona power loss on bipolar transmission
lines[1]. A major difficulty in electrostatic precipitators is the “back corona” which re-
sults in a bipolar ionized field that seriously affects the precipitator operation[2]. Bipolar
spray charging, as opposed to monopolar charging, was implemented to eliminate coro-
na discharges active at the leaf tips of the crops being sprayed[3].
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A Bipolar ionized field includes the generation of positive and negative ions at the
coronating conductors and the pertinent recombination between ions of different polari-
ty. This makes the analysis of a bipolar ionized field more complicated than the mono-
polar one[4].

The equations describing the bipolar ionized field are:

Equations (1)-(5) are respectively Poisson’s equation, the positive and negative current

density vectors, J
→

±, the continuity condition of J
→

±, the total current density vector J
→

and the continuity condition of J
→

. k+ and k– are the mobilities of positive and negative

ions, ρ+ and ρ– are the positive and negative space-charge density values. Ri is the ion
recombination coefficient in air, and qe is the electron charge.

The solution of (1)-(5) requires the following boundary conditions:
1) the potentials on the positive and negative coronating conductors are equal to the

applied voltages, +V and – V, respectively.
2) the potential on the ground plane is zero, and
3) the magnitude of the electric field at the surface of the positive and negative coro-

nating conductors is related to the onset values, Ecrit+ and Ecrit–, respectively.
4) the potential values of the nodes on the artificial boundary defining the finite ele-

ment bounded-region are updated and utilized in the finite-element formulation.

The exact solution of (1)-(5) is extremely difficult due to their nonlinear nature. All
attempts reported before were based on some simplifying assumptions. The most com-
mon  ones are:

1) the space is full of charges of both polarities. The thickness of the ionization layer
around the conductors is so small as to be neglected with respect to the interelectrode spacing.

2) the space-charge affects only the magnitude and not the direction of the electric
field (Deutsch’s assumption).

3) the positive and negative ion mobilities k+ and k– are constant (independent of
field intensity).

4) diffusion of positive and negative ions D+ and D– is neglected.
5) the surface field of the coronating conductors remains constant at the onset values

Ecrit+ and Ecrit– irrespective of the corona intensity (Kaptzov’s assumption).
6) transmission line conductors are assumed infinite long with negligible sag.

To the authors’ knowledge, few attempts have been made to solve the bipolar ionized
field equations[1,5-7]. Takuma et al.[1,5] applied the finite-element technique (FET) in
solving equations (1)-(5) for bipolar configurations. They replaced Kaptzov’s assump-
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tion with that of constant ion density, namely, the space-charge density is assumed
constant around the coronating conductor periphery without justification. Qin et al.[6]

proposed an iterative charge-simulation technique to solve the bipolar ionized field
problem. They adopted the method of weighted residuals in estimating the line charge
densities used to simulate the space-charge distribution in the interelectrode spacing.
Very recently, Abdel-Salam and Al-Hamouz[7] developed an iterative finite-element
technique to solve the bipolar ionized field problem while assuming equal positive
and negative ion mobilities and corona onset voltage values. In fact, the positive and
negative ion mobilities are different and the corona onset voltage is polarity-
dependent.

In the present paper, an adaptive FET is developed for the solution of the bipolar
ionized field in HDVC transmission lines. Unlike previous attempts[1,5,6], a new ap-
proach of updating the space-charge densities values is adopted in which the positive
and negative space-charge density values are estimated by simultaneous integration of
a modified form of equation (3) applied for positive and negative space-charge densi-
ties. In addition, the unrealistic assumption of equal positive and negative ion mobili-
ties and corona onset voltages adopted in our previous work[7] has been waived. The
present method simplifies the computer programming in addition to achieving conver-
gence in small number of iterations.

The triangular finite-element grid is generated from quadrangles produced by the in-
tersection of field lines with equipotential contours[7-10]. In order to satisfy the conti-
nuity condition and to estimate the discrete space-charges at the grid nodes, the intere-
lectrode spacing is divided into flux-tubes by field lines. The axis of each flux-tube is
also a field line along which the grid nodes are located at the intersections with the
equipotential contours. Along these flux-tubes, the ions are driven either from the cor-
onating conductors to the ground plane or from one coronating conductor to the other.

2. Assumptions Adopted by the Proposed Method

Assumption (1) is valid because the ionization layer is of the same order as the con-
ductor’s diameter and the latter is negligible in comparison with the spacing between
conductors and height above ground plane. Assumption (2) is waived in the present
analysis. Assumptions (3) and (4) are retained due to the complications they would in-
troduced if waived. Assumption (5) had been investigated in a previous attempt[11] and
was found to be satisfactory especially when the applied voltage is well above the coro-
na onset value.

3. Proposed Method of Analysis

The bipolar configuration investigated consists of two conductors stressed by volt-
ages +V and –V, each with a radius R located at a height H above the ground plane
and separated by a distance D, Fig. (1). The flow-chart of the proposed method of
analysis is shown in Fig. (2). The details of each step of the proposed method are ex-
plained below.
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Figure 1. Region where the field lines and equipotential contours are mapped, θi, defines the angle at which
the ith field line emanates.

Figure 2. Block diagram of the proposed method of analysis.
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Step (1): Grid Generation and Flux-Tube Formation

With the knowledge of the space-charge density values through the interelectrode
spacing, the FET is applied to determine the potential and field values and to map
the field lines and equipotential contours. Initially, the space-charge density values
are not known and, therefore, they are assigned zero. This makes it possible to gener-
ate the electrostatic finite-element grid and the flux-tubes along which the ions are
driven from one conductor to the other or from conductor to the ground plane.

The electrostatic grid is generated by mapping the space-charge-free field around
the bipolar transmission line conductors. Under the applied voltage ±V, the conduc-
tors surface charges are simulated[7], by line charges ±q (= 2πε0V/ln(2HD/RKb),

where xxxxxxxxxxxxxxxxx located at the centers of the conductors. The images of

these charges are considered to maintain the ground plane at zero potential.

As the transmission line conductors are assumed infinitely long with negligible sag
and the ground plane is assumed horizontal, the investigated configuration is treated as
a two-dimensional problem in the X – Y plane.

The field lines are mapped around both transmission line conductors. The field lines
emanate from M nodes selected on the circumference of each conductor, Fig. (1). Thus,
the total number of field lines in the whole space is 2M. Each node on the circumference
of the positive and negative conductors is located by angle θi+ and θi–, respectively. It is
well known that the finite-element technique calls for bounded region in which the grid
is to be generated. The authors succeeded in utilizing the ballooning technique in mono-
polar-transmission line configurations to move the region bounds to infinity[12]. They
found that the choice of the grid fictitious boundaries X1-X2 and Y1-Y2 at 3.5-5.5 times
the conductor’s height H is satisfactory[12] in the light of the fact that the computed re-
sults did not change for larger grid area. Hence, the grid fictitious boundaries X1-X2 and
Y1-Y2 are chosen at 7-11 and 3.5-5.5 times the conductor’s height for bipolar transmis-
sion-line configurations, Fig. (3). The mapped field may be divided into three groups.
Group A maps the bipolar ionized-region in which ions of positive and negative polari-
ties convect from one coronating conductor to the other along Mc field lines. On the
other hand, groups B and C map the monopolar ionized-regions in which only positive
and negative ions convect from the positive and negative coronating conductors to the
ground plane respectively. Due to the imposed fictitious boundaries X1-X2 and Y1-Y2,
some of the field lines and equipotential contours are not completely mapped, Fig. (3).

The positively and negatively stressed conductor surfaces are equipotentials at their ap-
plied voltage values and the ground plane is also equipotential at zero value. Between
each conductor equipotential and the ground, N-2 equipotential contours are traced in the
monopolar regions B and C, starting close to the conductor. In the bipolar A, there are 2N
equipotential contours. Since each transmission line conductor is an equipotential and the
zero equipotential contour (which happened to be along the Y-axis midway between the
two conductors for the generation of the electrostatic grid only) is to be mapped only
once, 2N-3 equipotentials are traced between the two conductors[13]. Along all monopo-
lar/bipolar field-lines which emanate from the surface of the coronating conductors but do

K H Db = +( ) ,2 2 2
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not terminate at the ground plane/opposite conductor, the conductor’s surface corresponds
to the first equipotential contour and hence represents node #1 along that field line.

The point of intersection between the ith field line and the jth equipotential contour
represents the node (i, j) of the proposed grid,[7-10,12,13]. The potential and electric field
values φi,j and Ei,j calculated at the grid nodes are arranged in two-dimensional arrays Φ
and E, which are denoted by Φ(1) and E(1) for the first estimate of the potential and field
values. Also, the space-charge densities at these nodes are arranged in two-dimensional
arrays, one for the positive space-charge density values (ρ+i,j) and the other for negative
space-charge density values (ρ–i,j).

Step (2) : The First Estimate of the Space-Charge Density

The initial guess of the positive and negative space-charge density located at node
(i, 1) around the periphery of the positive and negative conductors, is assumed to follow
eqns. (6) and (7)[7,13], respectively:

ρ+i,1  = ρe+ cos((π – θi +)/2), i = 1,2,3 ... M (6)

ρ–i,1 = ρe– cos((π – θi–)/2), i = 1,2,3 ... M (7)

where the space-charge density is assumed maximum along the line extending between
the centers of the coronating conductors and ρe+ and ρe– are the values of ρ+i,1 and ρ–i,1 at
θi± = π. The values of ρe+ and ρe– were estimated using an approximate expression[7,14]

for the charge density at the Y-axis plane as derived in Appendix 1:

Figure 3. Field lines in monopolar and bipolar regions.
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ρe+ =
EyD 8ε0V0+(V – V0+) / [D2V (5 – 4V0+/V)] (8)

ρe–  = 
EyD 8ε0V0–(V – V0–) / [D2V (5 – 4V0+/V)] (9)

where:

Ey is the pace-charge free field at midway between the positive and negative
poles at height H,

Ecrit+ is the corona positive onset field values,
Ecrit– is the corona negative onset field values, and
V0+ , V0– are the corona positive and negative onset voltage values that include the

surface roughness factor (η)

Also, initial negative and positive space-charge density values are assumed on the bipo-
lar field lines on the positive and negative conductor surfaces in region A of the ionized
field as:

ρ–i, 1 =  0.02(ρ–i, 1)on negative conductor , i = 1,2,3 ... Mc (10)

ρ+i, 1 = 0.02(ρ+i, 1)on positive conductor , i = 1,2,3 ... Mc (11)

The initial values of the negative and positive space-charge density expressed by
eqns. (10) and (11) are arbitrary chosen equal to 2%. Other choices for these values do
not affect the final solution of the problem[13].

To satisfy the positive and negative current continuity conditions along the axis of
each flux-tube in the bipolar region A, the current density eqn. (2) is substituted into the
current continuity eqn. (3). Rearranging the terms makes it possible to obtain at each
node (i, j):

(12)

(13)

where l is the length measured along the axis of the flux-tube starting from the conduc-
tors’ surface.

Starting at the surface of the positive (or negative) conductor, Fig. 3, simultaneous in-
tegration of eqns. (12) and (13) by the fourth order Runge-Kutta method gives the first
estimate of the space-charge density values at the nodes along the axis of the flux-tubes
in the bipolar ionized region A. For the first step of integration, the value of E is taken
at Ecrit+ (or Ecrit–) and the initial space-charge density values are determined from eqns.
(6) and (10) if starting at the surface of the positive conductor or eqns. (7) and (11) if start-
ing at the surface of the negative conductor. For the monopolar ionized regions, the space-
charge density is determined by integrating eqn. (12) for group-B field lines after setting
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ρ– to 0 and by integrating eqn. (13) for group-C field lines after setting ρ+ to 0, starting
at the surface of the coronating conductor. The initial space-charge density values at the
positive and negative conductor surfaces are estimated from equations (6) and (7), re-
spectively.

To calculate the field at node (i, j) along the axis of the ith flux tube in either the bipo-
lar or the monopolar ionized-field regions, a third order interpolating polynomial f(L) of
the potentials calculated at nodes (i, j – 1), (i, j), (i, j + 1) and (i, j + 2) has been formu-
lated as before[7, 13]. f(L) is a single-variable polynomial where L is the length measured
along the axis of the ith flux-tube starting from the conductor surface to the interpolating
node. Taking the derivative of the interpolating polynomial with respect to L at the node
of interest, one obtains the magnitude of the electric field at that node.

For all flux-tubes in the monopolar ionized-regions B and C and the flux-tubes in the
bipolar ionized-region A which terminate at the fictitious boundaries X1-X2 or Y1-Y2,
the field at the node (i, Nf – 1) (i.e.  node before the last one whose number is Nf) along
the i th flux-tube is determined by extrapolating a third order interpolating polynomial
formed from the electric field calculated at nodes (i, Nf – 5), (i, Nf – 4), (i, Nf – 3) and

(i, Nf – 2). However, the field at the last node (i, Nf) is determined from the extrapola-
tion of the third order interpolating polynomial formed from the electric field calculated
at nodes (i, Nf – 4), (i, Nf – 3), (i, Nf – 2) and (i, Nf – 1). 

For the flux-tubes extending between the two coronating conductors, the field at the
node (i, 2N – 1)  (i.e. node before the last one) is determined by extrapolating a third
order interpolating polynomial formed from the electric field calculated at nodes (i, 2N –
5), (i, 2N – 4), (i, 2N – 3) and (i, 2N – 2). Of course, the field value at the last node (i, 2N)
along the field lines extending between the two coronating conductors is the corona onset
value, Ecrit–.

Step (3): Finite-Element Solution of Poisson’s Equation

Solving Poisson’s equation by the FET calls for division of the region of the mapped
field into elements. The quadrangles generated by the intersection of the field lines with
the equipotential contours are divided into two triangular elements. In this way, the
nodes in the mapped field region constitute the vertices of the elements forming the
finite-element grid.

The potential ϕ within each element is approximated as a linear function of coordi-
nates[15], namely:

ϕ = ϕeWe = ϕpwp +ϕsws + ϕtwt (14)

where p, s and t represents the nodes of the element e and W is the corresponding shape
function.

To solve Poisson’s equation, (1), in the general form, an energy functional RF(e) ex-
pressed by eqn. (15) is formulated as the case in the usual FET[15]:

(15)
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where Ae is the area of the triangular element. [W] is the row vector containing the
element shape functions and [W]T is the transpose of W.

For known values of ρ+ and ρ– at nodes, Poisson’s equation is solved by minimizing
the energy functional RF(e) with respect to each nodal potential value. This minimiza-
tion leads to a set of simultaneous equations, for values of ϕ at nodes, in the form:

[ke] [ϕe] = [fe] (16)

where:

[ke] is the element stiffness matrix,
[ϕe] is the unknown potentials of the element nodes, and
[fe] is the free term which entails the aforementioned boundary conditions and as-

sumed distribution of the charge density ρ at the nodes of the element e.

On applying eqn. (16) for all elements of the grid and summing-up the results, the fol-
lowing set of equations is obtained:

[K] [Φ] = [F] (17)

where:

[K] is the global stiffness matrix,
[Φ] is the vector whose values express the estimated nodal potentials, and
[F] is the assembled free term due to boundary conditions.

The array of nodal potentials is denoted by ϕ(m), representing the potentials in the mth

iteration of the solution.

The constancy of the positive and negative conductor surface field values at Ecrit+
and Ecrit – is to be implemented directly into the FE formulation. This is achieved by
noting that (ϕi, 1 – ϕi, 2)/∆ri = Ecrit+ (or Ecrit–) where ∆ri is the radial distance between
the first two nodes along the axis of any flux tube. The distance ∆ri is chosen much
smaller than the radius of the coronating conductor (< 4% of the conductor radius as re-
ported before by Abdel-Salam and Al-Hamouz[16]. Since the potential ϕi, 1 is the ap-
plied voltage (+V) which is known, then ϕi, 2, the potential at node (i, 2), i.e. the ith

node along the second equipotential contour is also of known potential.

Due to the nature of the  FE grid proposed before[17], being applied only for conductor-
to-plane configurations, the procedure for computing the space-charge density at the
nodes is complicated and less accurate in comparison with the proposed method of analy-
sis where the nodal space-charge density values are determined directly by simple integra-
tion of eqns. (12) and (13) along the axis of the flux-tubes at which the nodes are located.

Step (4): Correction of the Space-Charge  Density

Comparing the last two estimates of the potential at the (i, j)th node ϕ(m)  and ϕ(m+1),

a nodal potential error en relative to the average value ϕav of the potential at that node is
defined as

i, j i, j

en i j
m

i j
m

av= +| – |,
( )

,
( )ϕ ϕ ϕ1 18
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where

(19)

If the maximum of en along the axis of the ith flux-tube exceeds a pre-specified value,
δ1, correction of the positive and negative space-charge density values at the conduc-
tor’s surface (corresponding to that ith flux-tube) is made according to the maximum
nodal error as in eqn. (20a):

(20a)

where g is an accelerating factor, taken equal 0.5. The error value δ1 depends on the re-
quired accuracy.

Equation (20a) gives the new estimate of the positive and negative charge density
values at the first nodes on the positive coronating conductor field lines in the bipolar
ionized-region A.

The new estimates of the charge density values at the first nodes on the monopolar
ionized-field regions B and C are determined using eqns. (20b) and (20c), respectively.

It is worthy tp mention that the space-charge density values estimated on the positive-
ly and negatively stressed poles, eqn. (20), replaced the first estimate made in step (2)
by eqns. (6) through (11).

The space-charge density values at the other nodes along each flux-tube are updated
by simultaneous integration of eqns. (12) and (13) for the bipolar ionized-region A, and
eqn. (12) or (13) for the monopolar ionized-region B or C, to keep the continuity condi-
tion of current satisfied. Using the estimated nodal space-charge densities, the FET (step
3) is applied again to obtain a new estimate of the nodal potentials Φ. Iteration of the
space-charge correction and potential estimation continues until the maximum value of
en over all nodes of the FE grid becomes less than the error δ1.

Step (5): Estimation of Discrete Space-Charges at Grid Nodes

The distributed space-charges are represented by discrete line charges extending par-
allel to the coronating conductors and located at the grid nodes. Hence, the charge per
unit length at node (i, j) is:

Qi, j = (ρ+i, j – ρ–i, j) vi, j (21)

where vi, j is the volume surrounding the node (i, j) per unit length[7-10,12,13,16].

Step (6): Grid Updating

In the next grid generations, the traced field lines and equipotential contours are not
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only due to the applied voltage, but also due to the space-charges estimated at the grid
nodes in step (5). Also, the recent space-charge density values around the periphery of
the coronating conductors, ρ±i, 1, i = 1, 2, ... M, evaluated by eqn. (20), are used as ini-
tial values when integrating eqns. (12) and (13).

Steps (1-6) are repeated until the maximum mismatch in the nodal space-charge den-
sity values between two successive grid generations is less than a pre-specified error δ2.

Step (7): Calculation of Corona Current

For each applied voltage above the onset value, the total corona current on the corre-
sponding transmission-line conductor is equal to the sum of the currents flowing in M
flux-tubes around its circumference, i.e.:

(22)

or

(23)

where Si, 1 is the per-unit length cross-sectional area of the ith flux-tube at the conduc-
tors surface, and Ji+ and Ji– are respectively the current density values at the positively-
and negatively-stressed conductor.

Thus, for the investigated bipolar transmission line configuration, the corona current
per unit length of the transmission line is expressed by eqns. (24) and (25) for the posi-
tively- and negatively-stressed conductor

(24)

(25)

where Mc is the number of bipolar field lines along which ions convect from one con-
ductor to the other.

4. Experimental Set-Up and Procedure

Experimental work was carried out at the high voltage laboratory of King Abdulaziz
University. Figure (4) shows a plan-view and a picture of the designed experimental set-
up which consists of:

1) a grounded aluminum plate to simulate the ground-plane,
2) two parallel conductors which represent the transmission line stretched between

isolating vertical supports,
3) two high voltage (HV) d.c. sources (one to generate positive voltage and the other

to generate negative voltage) for stressing the transmission line conductors,

  
I J Si i

i

M
=

=
∑ ,1

1

  
I J J Si

i

M

i i= ++
=
∑ ( )– ,

1
1

  
I k k E Si i

i

M

i

M

crit i

c

+ + +
==

+= +






∑∑ ρ ρ, – – , ,1 1

11
1

  
I k k E Si i

i

M

i

M

crit i

c

– – – , , – ,= +






+ +

==
∑∑ ρ ρ1 1

11
1



Z. Al-Hamouz et al.154

4) three microammeters A1, A2 and A3 for measuring the corona current and the
ground-plane current density.

The ground plate, 3.6 × 2.44 m2 in dimension, was made of aluminum sheet, 1 mm in
thickness. To maintain the aluminum plate horizontally, it was fixed to a wooden plate
of the same size at 0.50 m above the concrete floor. In order to measure the current den-
sity distribution underneath the transmission line conductors, the aluminum plate was
divided into 69 strips, each of 2.44 × 0.05 m2 and separated from each other by a dis-
tance of 1 mm.  Each strip is grounded through the microammeter A3 to measure the
corona current received by this strip. With the aid of a panel, Fig. (4), placed in the con-
trol room outside the laboratory, the microammeter A3 can serve in measuring the cur-
rent flowing in all strips by switching it from strip to strip.

Transmission line conductors of two diameters  (3.1 mm and 2 mm) are tested. In
order to vary the transmission line height  above the grounded plate, the height of the in-
sulating supports was made variable. In addition, to vary the conductors’ spacing, the
insulating supports were made to slide on insulating bases. The two ends of each trans-
mission line conductor are terminated by spherical caps in order to prevent corona from
taking place at these ends.

To keep the HV current connection free from corona, the HV sources are connected
to the corresponding transmission line through microammeters A1 and A2 using thick
aluminum bars (10 mm diameter). As can be seen in Fig. (4), microammeters A1 and
A2 are housed in spherical metallic cages to maintain them free from corona by prevent-
ing the meter from being exposed to the high electric field.

Figure 4. Experimental set-up: (a) plan-view.
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For a specified transmission line conductors each with radius R located at height H
above the grounded plate and separated by a distance D, the applied positive and nega-
tive voltage are increased simultaneously from zero and the reading of microammeters
A1 and A2 is watched. When either of the microammeters starts reading, the corre-
sponding applied voltage is the corona onset value. For different applied voltages above
the corona onset value, the corona current is recorded to predict the V-I characteristics
for this line configuration at different heights above the ground plane.

For an applied voltage above the corona onset value, the current-density profile at the
ground plane is obtained by measuring how the current changes from strip to strip on
the grounded plate. Plots of the strip current-density versus the x-coordinate of the strip
underneath the transmission line gives the required current-density profile.

  5. Results and Discussion

Different bipolar transmission line configurations were tested in the laboratory.
Smooth conductors (η = 1) with radii’s 1 mm and 1.55 mm were tested with heights of
0.29 m and 0.545 m above the ground plane and spacings of 0.45 m and 0.6 m. The pos-
itive and negative ion mobilities were taken  as 1.5 × 10–4  m2/Vs and 1.7 × 10–4 m2/Vs,
respectively. The recombination coefficient Ri was taken as 2 × 10–12 m3/s[18] and the
errors δ1 and δ2 were assumed 0.5% in the present analysis.

5.1 V-I Characteristics

For different tested configurations, the present method converges[13]   in 3 grid gener-
ations with 4-5 iterations in each. This is less than in the case of monopolar ionized
field analyzed by Abdel-Salam and Al-Hamouz[10] where 6-7 iterations in each grid
generation are required. This is simply attributed to the effect of recombination in re-
ducing the space-charge density in the interelectrode spacing with a subsequent rapid
convergence to the required solution.

The V-I characteristics measured and calculated by the proposed method for two dif-
ferent transmission-line configurations are shown in Fig. (5). The agreement between
the measured and calculated results is satisfactory. It is quite clear that the value of the
corona current of the negative conductor is higher than that of the positive one. This is
due to the fact that corona starts on the negative conductor earlier than on the positive
conductor since its corona onset voltage is lower than that of the positive conductor val-
ue. This is in addition to the higher mobility of negative ions.

For conductor radius of 1 mm, the effects of varying the conductors’ height and spac-
ing on the measured and calculated V-I characteristics are shown in Figs. (6) and (7), re-
spectively. The higher the conductors’ height above the ground plane, the smaller is the
corona current for the same applied voltage. This is simply explained by the correspond-
ing decrease of the electric field along the flux-tubes where the ions are driven between
the conductors in the bipolar region A or between the conductors and the ground plane
in the monopolar regions B and C. Such a decrease of the field reflects itself on a lower
current density along the flux-tubes and hence lower corona current with the increase of
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Figure 5. Calculated and measured positive and negative V-I characteristics of two transmission-line configu-
rations (η = 1).
(a) H =  0.545 m, D = 0.6 m, R = 0.00155 m, η = 1
(b)  H = 0.29 m, D = 0.45 m, R = 0.001 m, η = 1

Figure 6. Effect of the conductor’s height on the positive and negative V-I characteristics measured and cal-
culated by the proposed method for a bipolar transmission line configuration (R = 0.001 m, D =
0.45 m, η = 1).
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Figure 8. Effect of the conductor’s height on the monopolar and bipolar components of the corona current
(D = 3 m, R = 0.0025 m, η = 1).

Figure 7. Effect of the conductor’s spacing on the positive and negative, V-I characteristics measured and
calculated by the proposed method for a bipolar transmission line configuration (R = 0.001 m,
H = 0.295 m, η = 1).

the conductor’s height, Fig. (6). However, the corona current components, bipolar and
monopolar, change differently. The bipolar component, which is the dominant compo-
nent of the corona current, increases while the monopolar component decreases with the
increase of the conductors’ height, Fig. (8). This agrees with the previous findings[14].

The larger the spacing between conductors, the smaller is the recombination between
positive and negative ions in the bipolar region A. This reflects itself in increasing the
screening action of the positive and negative space-charges around the respective coronat-
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Figure 9. Effect of the conductor’s radii on the positive and negative V-I characteristics measured and calculat-
ed by the proposed method for a bipolar transmission line configuration (H = 0.295 m, D = 0.45 m,
(η  = 1).

ing conductor resulting in a reduction of the field in the conductor vicinity. Subsequently,
the corona current convected along flux-tubes in the bipolar region decreases with the in-
crease of the spacing between conductors for the same applied voltage. As the bipolar
component is the dominant component of the corona current, the latter decreases with the
increase of conductors’ spacing for the same applied voltage as shown in Fig. (7).

Also, the conductor’s radius affects the measured and calculated V-I characteristics
for the same conductor height and spacing as shown in Fig. (9). The smaller the conduc-
tors’ radius, the lower is the corona onset voltage with a subsequent increase of the co-
rona current for the same applied voltage as depicted in Fig. (9). As regards the comput-
ed V-I characteristics, they agree satisfactorily with those measured experimentally,
Figs. (6), (7) and (9).

It is worthy to mention that the proposed algorithm predicts also the V-I characteris-
tics for full-scale transmission lines and the results agreed satisfactorily with previous
calculated values[19], Fig. (10). It appears the unequal positive and negative onset-
voltage and ion-mobility values improve the calculated results by about 5% in compari-
son with the case if they are assumed equal as reported by the authors[7].

5.2 Corona power loss

With the knowledge of the V-I characteristics for the transmission line configuration
of Fig. (5), the corona power loss in kW/km is determined which increases nonlinearly
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Figure 10. Calculated V-I characteristics of a full-scale bipolar transmission line configuration as compared
to previous measured and calculated values (H = 9.15 m, D = 10.36 m, R = 0.0102 m, η = 0.7).

with the applied voltage. It is worthy to  mention that, when the line operates at full ca-
pacity, the corona power loss as a percentage of the ohmic power loss is very low
(2.5%) when the applied voltage is very close to the corona onset value and reaches
about 100% at an applied voltage equal to twice the onset value. Moreover, these per-
centages can assume higher values if the transmission line is slightly loaded[13].

5.3 Current-density profiles at the ground plane

For different bipolar transmission line configurations tested in the laboratory, the
measured and calculated current density profiles at the ground plane are shown in
Fig. (11). It is clear that the agreement between the measured and calculated values is
satisfactory. The deviation between the measured and calculated values can be attribut-
ed to some experimental errors.

For the same applied voltage, the effect of varying the conductors spacing, D, on the
ground-plane current density profile is depicted in Figs. (11a) and (11b) at constant con-
ductors’ height and radius. On the other hand, the effect of varying the conductors’
height, when all other parameters are fixed, on the ground-plane current-density profile
is shown in Figs. (11a) and (11c). It is interesting to observe the higher current values
underneath the negative conductor with respect to those underneath the positive conduc-
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Figure 11. Distribution of the current density profiles at the ground-plane measured and calculated by the pro-
posed method for a bipolar transmission line configuration (V = 68kV, R = 0.00155 m, η = 1).
(a) H = 0.295 m, D = 0.6 m
(b) H = 0.545 m, D = 0.45 m
(c) H = 0.295 m, D = 0. 45 m
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tor. This has already been ascribed to the lower onset-voltage and the higher ion-
mobility for the negative polarity in comparison with those for the positive polarity.

It is worthy to mention that the approximate expressions  of eqns. (8) and (9), which
is used as an initial guess for estimating the space-charge around the conductor surface,
has a unique value for each transmission line configuration. As expressed in eqns. (10)
and (11), the initial value of the negative and positive space-charge density values at the
corresponding positive and negative conductors are arbitrary chosen equal to 2% of the
positive and negative space-charge values. It is found that other choices of this percent-
age do not affect the finial solution of the problem, but affects the number of iterations
required for convergence[7,13].

5.4 Accuracy, simplicity and computational time

It is quite clear that the calculated values predicted by the proposed adaptive finite-
element method are in good agreement with the present and previous measured and cal-
culated values, Figs. (5)-(11).

Also, it is worthy to state that the present method implements directly both the poten-
tials at the coronating conductors and the ground plane and the electric field values at
the coronating conductors’ surface as boundary conditions in the FE formulation, as pro-
posed before by the same authors[7-10,12,13,16]. However, the previous methods [1,5,6,14,17]

deal only with the potentials of the coronating conductors and the ground plane and
check later the value of the surface electric field.

Also, the previous methods[1,5,6,14,17] call in their programming for two inner loops to
guarantee convergence, one for the convergence of the potential and the other for the
convergence of the electric field values. An outer loop to update the mapped field lines
(i.e. the FE grid) is also required which means that a total of three loops is needed for
convergence of the previous methods[1,5,6,14,17]. On the other hand, the proposed method
requires only one loop to guarantee the convergence of the potential, and one loop to up-
date the generated grid. Hence a total of two loops  is needed to guarantee convergence.

The number of iterations required for convergence of the solution for the laboratory
tested configurations are shown in Table (1).

As our method is applied only to bipolar transmission line configurations with single
conductors, comparison with previous attempts[1,5,6] was not possible since they were
applied to lines with bundle conductors.

6. Conclusions

An adaptive iterative finite-element based method is developed for the computation
of the ionized field in bipolar HVDC transmission lines. Unlike all attempts reported in
the literature, the constancy of the electric field at the conductor surface is implemented
directly in the finite-element formulation. In addition, the method of analysis make it
possible to account for the inequality of the positive and negative ion mobilities and on-
set voltages.
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Table 1. Total number of iteration required for convergence for the
tested bipolar transmission line configuration.

Configuration

H (m) R (mm) D (m)

0.45 12

0.29
1 0.6 12

0.45 12

1.55 0.6 12

0.45 12

0.545
1 0.6 15

0.45 15

1.55 0.6 15

The effect of conductors’ height above the ground-plane on the total corona current
as well as its monopolar and bipolar components has been investigated. The total corona
current decreases with the increase of the conductors’ height. On the other hand, the bi-
polar component increases while the monopolar component decreases with the increase
of the conductors’ height. Also, the effect of the conductors’ spacing and radius has
been investigated. The corona current decreases with the increase in the conductors’
spacing and increases with the decrease in the conductors’ radius.

The number of iterations required to achieve convergence is less than the monopolar
case due to the effect of recombination in reducing the space-charge density in the intere-
lectrode spacing. Hence, the present method is characterized not only by its quick con-
vergence, but also by low number of iterations and simplicity in computer programming.
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Appendix   1
Initial estimation of ρρρρe  at the conductor’s surface

A rough estimate of the space-charge density at nodes e and e', Fig. (A1), on the sur-
face of the coronating conductor is derived in this Appendix. Assuming completely
symmetrical bipolar transmission line configuration where the positive and negative co-
rona onset voltage values V0+ and V0 – and the positive and negative ion mobilities K+
and K– are equal implies that the midway equipotential along the y-axis is always  of
zero potential, hence a rough estimate to the space-charge density value at the point C,
midway along the axis e-e' is obtained as follows[14]. Consider the coaxial cylindrical
configuration formed by placing a cylinder of diameter D concentric with the actual
conductor   as shown in Fig. (A1), the corona current for voltages just above the corona
onset values is given[20] by

I = 32πε0kV0(V – V0)/[D2 ln(D/2R] (A-1)

The current density at the surface of the outer cylinder is given as 

j = kρcE = kρcζξ  = kρcζ2V/[D2 ln(D/2R)] (A-2)

where ξ and ζ are the space-charge free field and a scalar function of the space coordi-
nates that related the space-charge field with the free space-charge one, respectively. In
addition (A-2), ζ is approximated by

ζ = 5 – 4(V0/V) (A-3)
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where the approximation of eqn. (A-3) has been made after getting many iterative solu-
tions of the ionized field along the axis e-e' and having a general nature of ζ. 

Using equation (A-3), the total corona current in terms of the current density given in
eqn. (A-2) is therefore obtained as

(A-4)

Comparing eqns (A-1) and (A-4), the approximate value of the charge-density at the
outer cylinder is obtained as

ρc = 16ε0V0(V – V0)/[D2V(5 – 4V0/V)] (A-5)

The estimate of the space-charge density at point e on the surface of the coronating
conductor is obtained by applying the current continuity equation along the tube T. This
implies that 

keρeEeAe = kcρcEcAc (A-6)

or, for constant k

(A-7)

but for the coaxial cylindrical configuration of Fig. (A-1), Ac =
D θ and Ae = Rθ,

hence eqn. (A-7) becomes

(A-8)

but Ee, the field value at the conductor’s surface, equals E0±, and Ec is assumed equal to
the space-charge free field, Ey, at the point midway along the e-e' axis at height H.
Hence, substituting eqn. (A-5) into eqn. (A-8) yields:

(A-9)
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Figure A-1. Pertaining to calculation of approximate value of ρe.
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